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FORMALITY AND THE LEFSCHETZ PROPERTY IN SYMPLECTIC
AND COSYMPLECTIC GEOMETRY
GIOVANNI BAZZONI, MARISA FERNÁNDEZ, AND VICENTE MUÑOZ
Abstract. We review topological properties of Kähler and symplectic manifolds, and of
their odd-dimensional counterparts, coKähler and cosymplectic manifolds. We focus on
formality, Lefschetz property and parity of Betti numbers, also distinguishing the simply-
connected case (in the Kähler/symplectic situation) and the b1 “ 1 case (in the coKäh-
ler/cosymplectic situation).
1. Introduction
Symplectic geometry is the study of symplectic manifolds, that is, smooth manifolds en-
dowed with a 2-form which is closed and non-degenerate. Important examples of symplectic
manifolds are R2n “ Rn ˆ pRnq˚ and, more generally, the cotangent bundle T ˚M of any
smooth manifold M , which is endowed with a canonical symplectic structure. Cotangent
bundles are especially important in classical mechanics, where they arise ase phase spaces
of a classical physical system (see [5]). In case the physical system has symmetries, one can
perform a reduction procedure on the phase space; this often produces compact examples
of symplectic manifolds (see [74]). Therefore, the study of compact symplectic manifolds is
also relevant. In the last decades, starting with the first questions on the global nature of
symplectic manifolds and the foundational work of Gromov (see [48]), symplectic geometry
has become a branch of geometry which is interesting per se. Standard references for sym-
plectic geometry include [7, 24, 78]. For more advanced applications, including connections
with Mirror Symmetry, we refer to [79, 88].
Kähler manifolds are special examples of symplectic manifolds. Recall that a Hermitian
manifold is Kähler if its Kähler form is closed (see Section 2.1 for all the relevant definition).
In particular, symplectic geometry receives many imputs from algebraic geometry. Indeed,
the complex projective space CPn is endowed with a Kähler structure, which is inherited
by all projective varieties.
For a long time, the only known examples of symplectic manifolds came in fact from
Kähler and algebraic geometry. It was only in 1976 that Thurston gave the first example of
a symplectic manifold which carries no Kähler metric (see [90]). Since then, the quest for
examples of symplectic manifolds which do not carry Kähler metrics has been a very active
area of research in symplectic geometry, whose main contribution has been the introduction
of new techniques for constructing symplectic manifolds (see [9, 31, 33, 44, 46, 48, 49, 77]
as well as Section 3.5 for an account).
Cosymplectic geometry was first studied by Libermann in [68]. Blair and the Japanese
school tracking back to Sasaki have studied cosymplectic geometry in the setting of almost
contact metric structures (see [21] and the references therein). To some extent, cosymplectic
geometry can be viewed as the odd-dimensional counterpart of symplectic geometry. Indeed,
cosymplectic manifolds are the right geometric framework for time-dependent Hamiltonian
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mechanics. The main example of a cosymplectic manifold is the product of a symplectic
manifold with the real line, or a circle. There exist however cosymplectic manifolds which
are not products (see Example 4.18). Very recently, cosymplectic manifolds have appeared
in the study of a special type of Poisson structures, namely b-symplectic structures (see
[52, 53]), as well as a special class of foliated manifolds (see [75]). We refer to [25] for a
recent survey on cosymplectic geometry.
Examples of cosymplectic manifolds come from coKähler geometry. CoKähler structures
are normal almost contact metric structures pφ, η, ξ, gq for which the tensor φ is parallel with
respect to the Levi-Civita connection (see Section 2.2 for the relevant definitions). The main
example is provided by the product of a Kähler manifold and the real line (or the circle).
We point out here as well that there exist compact coKähler manifolds which are not the
product of a compact Kähler manifold and a circle (see [18]).
Compact Kähler and coKähler manifolds satisfy quite stringent topological properties,
which we have collected in Theorems 3.1 and 4.1 below. One way to produce an example of
a symplectic manifold which does not carry Kähler metrics (resp. of a cosymplectic manifold
which does not carry coKähler metrics) consists in constructing a symplectic manifold (resp.
a cosymplectic manifold) which violates some of these topological properties.
In this paper we study two of these topological properties, which manifest both in the
Kähler and in the coKähler case, namely the Lefschetz property and the formality of the
rational homotopy type. The interplay between them has been extensively investigated in
the symplectic case, yet nothing has been said in the cosymplectic case.
In the symplectic framework, our starting point is the paper [58], in which the authors
collected the known (at the time) examples of symplectic manifolds which are, for instance,
formal, but do not satisfy the Lefschetz property. Some questions remained open in [58].
Due to recent work of many authors (among them we quote Bock [23] and Cavalcanti [26]),
we are able to answer such questions, completing the picture started in [58].
Formality is a topological property and it makes perfectly sense to ask whether a cosym-
plectic manifold is formal. The Lefschetz property, however, turns out to be much more
delicate to deal with in the odd-dimensional setting. For this, we will restrict to the class of
K-cosymplectic structures, i.e. almost coKähler structures for which the Reeb field is Killing
(see Section 2.2). It turns out that the product of a compact almost Kähler manifold and
a circle is always K-cosymplectic. We will study the relationship between formality and the
Lefschetz property on product K-cosymplectic manifolds.
2. Preliminaries
We collect in this section the basics in symplectic and cosymplectic geometry. We will
also do a quick review of rational homotopy theory and formality. Finally, since many of the
examples we provide are nilmanifolds and solvmanifolds, we shall discuss the main properties
of these important classes of manifolds.
2.1. Symplectic geometry. A symplectic manifold is a pair pM,ωq where M is a smooth
manifold and ω is a closed, non-degenerate 2-form. Examples of symplectic manifolds are
the vector space R2n, the cylinder, the complex projective space CPn and, more generally,
coadjoint orbits of semisimple Lie groups.
Recall that an almost Hermitian structure pg, Jq on an even-dimensional manifold M
consists of a Riemannian metric g and an almost complex structure J . Such a structure is
called almost Kähler if the Kähler form ω P Ω2pMq, defined by ωp¨, ¨q “ gp¨, J ¨q, is closed; it
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is called Kähler if, in addition, the almost complex structure J is integrable. Notice that,
if pM,g, Jq is an almost Kähler manifold, then M , together with the Kähler form ω, is a
symplectic manifold.
2.2. Cosymplectic geometry. A cosymplectic manifold, as defined by Libermann [68], is
a triple pM2n`1, η, ωq, where η is a 1-form, ω is a 2-form, both are closed, and η ^ ωn ‰ 0.
Note that a cosymplectic manifold is necessarily orientable. The product of a compact
symplectic manifold and a circle has a natural cosymplectic structure.
An almost contact structure on a manifold M is a 4-tuple pφ, η, ξ, gq, where
‚ a 1-form η and a vector field ξ, the Reeb field, such that ηpξq “ 1;
‚ φ : TM Ñ TM is a tensor which satisfies φ2 “ Id´ η b ξ;
‚ g is a Riemannian metric, which is compatible with φ, namely, gpφ¨, φ¨q “ gp¨, ¨q ´
ηp¨qηp¨q.
The Kähler form ω of an almost contact metric structure pφ, η, ξ, gq is ω P Ω2pMq, defined
by ωp¨, ¨q “ gp¨, φ¨q. The almost contact metric structure is
‚ almost coKähler if dη “ 0 “ dω;
‚ K-cosymplectic if it is almost coKähler and the Reeb field is Killing;
‚ coKähler if it is almost coKähler and Nφ “ 0, where Nφ is the Nijenhuis torsion of
φ (see [21]).
K-cosymplectic structures have been recently introduced by the first author and Goertsches
in [15]. If pφ, η, ξ, gq is an almost coKähler structure on M , then M together with η and the
Kähler form ω is a cosymplectic manifold.
Remark 2.1. In the original works (see for instance [21, 28]), the term cosymplectic was used
to denote what is called today coKähler. The terminology coKähler was introduced by Li
in [66], and seems to have become standard since then.
2.3. Formality. The de Rham theorem asserts that the real cohomological information of a
smooth manifold M can be recovered from the analysis of the smooth forms Ω˚pMq. Apart
from the additive structure, Ω˚pMq is endowed with two other operators:
‚ the de Rham differential d : ΩkpMq Ñ Ωk`1pMq;
‚ the wedge product ^ : ΩkpMq b ΩℓpMq Ñ Ωk`ℓpMq;
these interact through the Leibnitz rule, which says that d is a (graded) derivation with
respect to the wedge product, i.e. dpα^ βq “ dα^ β ` p´1qdeg αα^ dβ.
In the seminal paper [89], and following previous work of Quillen, Sullivan showed that the
infinitesimal nature of the wedge product could be used to extract a great deal of homotopical
information of a space X from the analysis of piecewise linear differential forms Ω˚PLpXq
on X. More precisely, from Ω˚PLpXq one can recover not only the rational cohomology
H˚pX;Qq of X, but also its rational homotopy groups πkpXq bQ. For this to work, X has
to be a nilpotent space. This means that π1pXq is a nilpotent group whose action on higher
homotopy groups is nilpotent. Here and in the sequel, by space we mean a CW-complex of
finite type. We refer to [35, 36, 47] for all the results we quote in rational homotopy theory.
Definition 2.2. Let k be a field of zero characteristic. A commutative differential graded
algebra over k (k-cdga for short) is a graded vector space A “ ‘ně0A
n together with a
product ¨ which is commutative in the graded sense, i.e. x ¨ y “ p´1q|x||y|y ¨ x, where |x|
is the degree of a homogeneous element x, and a k-linear map d : An Ñ An`1 such that
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d2 “ 0, which is a graded derivation with respect to ¨, i.e.
dpx ¨ yq “ dx ¨ y ` p´1q|x|x ¨ dy. (1)
Given two cdga’s pA, dq and pA1, d1q, a morphism is a map ϕ : AÑ A1 which preserves the
degree and such that d1 ˝ ϕ “ ϕ ˝ d. A morphism of cgda’s which induces an isomorphism
in cohomology is a quasi isomorphism.
Example 2.3. Here are a few examples of cdga’s.
(a) Given a cdga pA, dq, its cohomology is a cgda with trivial differential.
(b) The de Rham algebra of a smooth manifold, endowed with the wedge product and
the exterior differential, is an R-cdga.
(c) Piecewise linear differential forms pΩ˚PLpXq, dq on a space X are a Q-cdga.
(d) Given a Lie algebra g defined over k, the Chevalley-Eilenberg complex p
Ź
g˚, dq is
a k-cdga. Given a basis te1, . . . , enu of g and its dual basis te
1, . . . , enu of g˚, the
differential of ek P g˚ is defined by dekpei, ejq “ ´e
kprei, ejsq, then extended to
Ź
g˚
by imposing (1). That d squares to zero is equivalent to the Jacobi identity in g.
A very important class of examples of cdga’s is provided by Sullivan minimal algebras:
Definition 2.4. A Sullivan minimal algebra is a cdga pA, dq “ p
Ź
V, dq where
‚
Ź
V is the free commutative algebra generated by a graded vector space V “
‘ně0V
n;
‚ there exists a basis txτ uτPI of generators of V , for some well-ordered index set I,
such that |xν | ď |xµ| for ν ă µ and dxµ is expressed in term of the xν with ν ă µ.
In particular, d has no linear part.
The reason why Sullivan minimal algebras are important is given by the following result:
Theorem 2.5. Let pA, dq be a k-cdga, where charpkq ‰ 0. Then there exist a Sullivan min-
imal algebra p
Ź
V, dq and a morphism ϕ : p
Ź
V, dq Ñ pA, dq which induces an isomorphism
on cohomology. p
Ź
V, dq, which is unique up to automorphisms, is the minimal model of
pA, dq.
Definition 2.6. Let X be a nilpotent space. The minimal model of X is the minimal model
of the cdga pΩ˚PLpXq, dq. It is a Q-cdga, usually denoted by p
Ź
VX , dq.
Remark 2.7. When M is a smooth manifold, its real minimal model is the minimal model
of the de Rham algebra pΩ˚pMq, dq.
Recall that the rationalization of a space X is a rational space XQ (i.e. a space whose
homotopy groups are rational vector spaces) together with a map f : X Ñ XQ inducing
isomorphisms πkpXqbQ – πkpXQq. Two spaces X and Y have the same rational homotopy
type if their rationalizations XQ and YQ have the same homotopy type. Sullivan constructed
a 1-1 correspondence between nilpotent rational spaces and isomorphism classes of Sullivan
minimal algebras over Q, given by
X ÐÑ p
ľ
VX , dq.
In this sense, one can study rational homotopy types algebraically.
Definition 2.8. Let pA, dq be a cdga and let p
Ź
V, dq be its minimal model. pA, dq is
formal if there exists a quasi isomorphism p
Ź
V, dq Ñ pH˚pAq, 0q. A space X is formal if
its minimal model p
Ź
VX , dq is.
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Since, by definition, the cohomology of p
Ź
VX , dq is precisely pH
˚pX;Qq, 0q, a space X is
formal if its minimal model (hence its rational homotopy type) is determined by its rational
cohomology. There are many examples of formal spaces, among them Kähler and coKähler
manifolds, symmetric spaces, H-spaces.
Remark 2.9. In [64], Kotschick called a manifold geometrically formal if it carries a Riemann-
ian metric for which all wedge products of harmonic forms are harmonic. One sees easily
that a geometrically formal manifold is formal. Indeed, consider the map pH˚pMq, 0q Ñ
pΩ˚pMq, dq which assigns to each cohomology class its unique harmonic representative (har-
monic with respect to the metric which makes M geometrically formal). Such map is then a
morphism of cdga’s, and is clearly a quasi isomorphism. By general theory of minimal mod-
els (see for instance [84, Chapter 1]), one gets a quasi isomorphism p
Ź
VM , dq Ñ pH
˚pMq, 0q,
hence M is formal. There are, however, examples of formal manifolds which are not geomet-
rically formal (see [65]). Such examples are generalised symmetric spaces of compact simple
Lie groups. It is unclear whether there exist examples of formal, not geometrically formal
compact homogeneous non-symmetric spaces. Geometric formality influences the topology
of the underlying manifold (see [85]).
Massey products are an obstruction to formality. We describe here triple Massey products
and refer to [42, 84] for their higher order analogue. Let M be a manifold and let ai P
HpipM ;Rq, 1 ď i ď 3, be three cohomology classes such that a1 Y a2 “ 0 “ a2 Y a3. Take
forms αi on M with rαis “ ai and write α1 ^ α2 “ dσ, α2 ^ α3 “ dτ . The Massey product
of these classes is
xa1, a2, a3y “ rα1 ^ τ ` p´1q
p1`1σ ^ α3s P
Hp1`p2`p3´1pM ;Rq
a1 YHp2`p3´1pM ;Rq `Hp1`p2´1pM ;Rq Y a3
.
It was proven in [32] that all Massey products vanish on a formal manifold.
In the present paper we will also deal with spaces which are not nilpotent, for instance
solvmanifolds (see Section 2.5 below). When it comes to them, we shall also address the
question of whether they are formal spaces or not. When we ask such a question, we simply
mean to ask whether the minimal model is a formal cdga, in the sense of Definition 2.8.
2.4. s-formality. In [42], the second and third authors introduced the notion of s-formality,
which is a suitable weakening of the notion of formality, and prove that for compact oriented
manifolds the weaker notion implies the stronger one. First note the following result of [32]
which gives a characterization of formality.
Theorem 2.10. A minimal model pA, dq is formal if and only if we can write A “
Ź
V
and the space V decomposes as a direct sum V “ C ‘N with dpCq “ 0, d is injective on N
and such that every closed element in the ideal IpNq generated by N in
Ź
V is exact.
In [42] we weaken the condition of formality as follows.
Definition 2.11. We say that a minimal model pA, dq is s-formal if we can write A “
Ź
V
such that for each i ď s the space V i of generators of degree i decomposes as a direct sum
V i “ Ci ‘N i, where the spaces Ci and N i satisfy the following three conditions:
(1) dpCiq “ 0,
(2) the differential map d : N i Ñ
Ź
V is injective,
(3) any closed element in the ideal Ip
À
iďs
N iq, generated by
À
iďs
N i in
Ź
p
À
iďs
V iq, is exact
in
Ź
V .
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A connected manifold is s-formal if its minimal model is s-formal. The main result of [42]
is:
Theorem 2.12. Let M be a connected and orientable compact differentiable manifold of
dimension 2n, or p2n´ 1q. Then M is formal if and only if it is pn´ 1q-formal.
2.5. Nilmanifolds and solvmanifolds. For us, nilmanifolds and solvmanifolds are com-
pact homogeneous spaces of nilpotent and solvable Lie groups. General references are [8, 84].
Definition 2.13. A (compact) nilmanifold is the quotient of a simply connected nilpotent
Lie group G by a lattice Γ.
Definition 2.14. A (compact) solvmanifold is the quotient of a simply connected solvable
Lie group G by a lattice Γ.
Notice that every nilpotent group is solvable, hence every nilmanifold is a solvmanifold,
but the converse is not true. A solvable group G is completely solvable if the adjoint
representation on g has only real eigenvalues. Every nilpotent Lie group is completely
solvable.
A connected, simply connected nilpotent Lie group is diffeomorphic to Rn for some n;
the diffeomorphism is given by the exponential map. Also, a simply connected solvable Lie
group is homeomorphic to Rn for some n. Hence a solvmanifold S “ ΓzG (in particular, a
nilmanifold) is an aspherical space with π1pSq “ Γ.
According to a theorem of Mal’čev (see [73]), a simply connected nilpotent Lie group G
admits a lattice Γ if and only if there exists a basis of g such that the structure constants
are rational numbers. So far, a statement of this flavor is not known for simply connected
solvable Lie groups. A necessary condition for a Lie group to admit a compact quotient
is unimodularity. The construction of lattices in solvable Lie groups is an active area of
research (see for instance [23, 30]).
From the cohomological point of view, completely solvable solvmanifolds are particularly
simple:
Theorem 2.15 (Nomizu, [83] and Hattori, [56]). Let S “ ΓzG be a completely solvable
solvmanifold and let p
Ź
g˚, dq be the Chevalley-Eilenberg complex of g. Then the inclusion
p
Ź
g˚, dq ãÑ pΩ˚pSq, dq is a quasi isomorphism.
Nilmanifolds are particularly tractable with rational homotopy theoretical methods.
Theorem 2.16 (Hasegawa, [54]). Let N “ ΓzG be a nilmanifold. Then the Chevalley-
Eilenberg complex p
Ź
g˚, dq of g is the minimal model of N .
We point out that, since G admits a lattice by hypothesis, p
Ź
g˚, dq is aQ-cdga. Hasegawa
also proved:
Theorem 2.17 (Hasegawa, [54]). A nilmanifold N is formal if and only if it is diffeomorphic
to a torus.
Remark 2.18. If S “ ΓzG is a completely solvable solvmanifold, the result of Hattori implies
that p
Ź
g˚, dq is a model for pΩ˚pSq, dq, meaning that the inclusion is a quasi isomorphism.
Example 2.19. We give an example of a non-toral nilmanifold. Consider the Heisenberg
group
H “
$&
%
¨
˝1 y z0 1 x
0 0 1
˛
‚ | x, y, z P R
,.
-
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and the lattice Γ “ tA P H | x, y, z P Zu. Then N “ ΓzH is a 3-dimensional nilmanifold.
The Chevalley-Eilenberg complex of h is
p
ľ
pe1, e2, e3q, de3 “ e1 ^ e2q.
Since b1pNq “ 2, N is not diffeomorphic to a torus.
3. Formality and the Lefschetz property in symplectic geometry
3.1. Topology of compact Kähler manifolds. Suppose that M is a compact manifold.
The question of whether and how the existence of a Kähler metric g on M constrains the
topology of M has motivated a great deal of research in mathematics. Let us recall the main
topological features of a compact Kähler manifold.
Theorem 3.1. Let pM2n, J, gq be a compact Kähler manifold and let ω be the Kähler form.
Then
(i) the odd Betti numbers b2k´1pMq are even, 1 ď k ď n;
(ii) the Lefschetz map Ln´k : HkpM ;Rq Ñ H2n´kpM ;Rq, rαs ÞÑ rωsn´k ^ rαs is an iso-
morphism, 0 ď k ď n;
(iii) the rational homotopy type of M is formal.
piq and piiq follow from Hodge-de Rham theory on a compact Kähler manifold. Notice
that piiq implies piq. This is clear since, for 1 ď k ď tn
2
u, the bilinear map
H2k´1pM ;Rq ˆH2k´1pM ;Rq Ñ H2npM ;Rq – R, prαs, rβsq ÞÑ rαs ^ rβs ^ rωsn´2k`1
is a symplectic form on H2k´1pM ;Rq. Then one simply applies Poincaré duality. For a
proof of these facts we refer to [57].
These properties have proven to be extremely useful in the task of constructing examples of
compact symplectic manifolds with no Kähler metric (see for instance [14, 26, 44, 46, 77]).
It is natural to ask whether these three properties are related on a compact symplectic
manifold. Such a question was first tackled in [58]. The authors collected the examples,
known at the time, of compact symplectic manifolds which violate some of the properties of
Theorem 3.1. The kind of question we want to answer is
Is there a compact symplectic manifold M which satisfies piq and piiiq above
but not piiq?
The fundamental group plays a crucial role in setting this question. Indeed, while it is
relatively easy to come up with non-simply connected compact symplectic manifolds which
are non-formal or do not satisfy the Lefschetz property, the same question is harder in the
simply connected case. We shall therefore subdivide our examples into the simply connected
and the non-simply connected case.
Remark 3.2. There is a fourth topological constraint on the topology of compact Kähler
manifolds: their fundamental groups are not arbitrary (see [2]). On the other hand, Gompf
showed in [46] that every finitely presented group is the fundamental group of a symplectic
4-manifold.
3.2. The Lefschetz property on compact symplectic manifolds. Let pM2n, ωq be a
compact symplectic manifold and consider, for 0 ď k ď n, the map
Ln´k : ΩkpMq Ñ Ω2n´kpMq, α ÞÑ ωn´k ^ α. (2)
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Clearly (3) sends closed (resp. exact) forms to closed (resp. exact) forms, hence it
descends to a well defined map
Ln´k : HkpM ;Rq Ñ H2n´kpM ;Rq. (3)
Definition 3.3. We say that a symplectic manifold pM2n, ωq satisfies the Lefschetz property
if the Lefschetz map (3) is an isomorphism for 0 ď k ď n. pM,ωq is of Lefschetz type if (3)
is an isomorphism for k “ 1.
The Lefschetz map is related to some other important objects which can defined on a
compact symplectic manifold. On the one hand, following work of Koszul [63], Brylinski (see
[22]) and Libermann (see [69]) showed that, on a compact symplectic manifold pM,ωq, one
can define a symplectic ‹-operator, ‹ : ΩkpMq Ñ Ω2n´kpMq; from this, one gets a symplectic
codifferential δ : ΩkpMq Ñ Ωk´1pMq defined by δ – p´1qkp‹d‹q. A form α P ΩkpMq is
symplectically harmonic if
dα “ 0 and δα “ 0.
Denote by Ω˚pM,ωq the space of sympletically harmonic forms on pM,ωq. Clearly,
H
kpM,ωq –
ΩkpM,ωq
ΩkpM,ωq X Im d
is a subspace of HkpM ;Rq. We have the following result, proved independently by Mathieu
and Yan (see [76, Corollary 2] and [92, Theorem 0.1]):
Theorem 3.4. The inclusion HkpM,ωq ãÑ HkpM ;Rq is an isomorphism if and only if
pM,ωq has the Lefschetz property.
The Lefschetz property appears indirectly in another feature of the study of cohomological
properties of symplectic manifolds. Given a symplectic manifold pM,ωq, we consider the
differential d and the symplectic codifferential δ. The following property is known as dδ-
lemma:
Im dX ker δ “ Im δ X ker d “ Im dδ. (4)
Merkulov (see [80]) related the dδ-lemma with the symplectically harmonic cohomology.
More precisely, he proved:
Theorem 3.5. A symplectic manifold pM,ωq satisfies the dδ-lemma if and only if the in-
clusion HkpM,ωq ãÑ HkpM ;Rq is an isomorphism.
We mention here that the Lefschetz property has been studied also in the context of
almost Kähler manifolds. Let pM,g, Jq be an almost Kähler manifold and let ω be the
Kähler form. Motivated by the Donaldson “tamed to compatible” conjecture (see [34]), Li
and Zhang considered in [67] the following subspaces of H2pM ;Rq:
‚ H`J pMq – tα P H
2pM ;Rq | Jα “ αu;
‚ H´J pMq – tα P H
2pM ;Rq | Jα “ ´αu.
One has H`J pMq ` H
´
J pMq Ă H
2pM ;Rq, but the sum is in general neither direct nor
equal to H2pM ;Rq. The almost complex structure J is said to be
‚ C8-pure if H`J pMq XH
´
J pMq “ 0;
‚ C8-full if H`J pMq `H
´
J pMq “ H
2pM ;Rq;
‚ C8-pure-and-full if H`J pMq ‘H
´
J pMq “ H
2pM ;Rq.
Angella, Tomassini and Zhang proved the following result (compare [4, Theorem 2.3]; see
also [3, Chapter 4]):
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Theorem 3.6. Let pM2n, g, Jq be an almost Kähler manifold and assume that the Lefschetz
map Ln´2 : Ω2pMq Ñ Ω2n´2pMq takes harmonic forms to harmonic forms. Then, if J is
C
8-full, it is also C8-pure.
To conclude this section, we quote a result of Benson and Gordon, see [19, Proof of
Theorem A].
Theorem 3.7. Let pN2n, ωq be a compact nilmanifold endowed with a symplectic structure.
Assume that pN,ωq is of Lefschetz type. Then N is diffeomorphic to a torus T 2n.
Hence every symplectic non-toral nilmanifold violates condition piiq in Theorem 3.1 and
is therefore non Kähler. By Nomizu’s theorem 2.15, a symplectic form on a nilmanifold is
cohomologous to a left-invariant one. Symplectic structures on nilpotent Lie algebras have
been studied in [51]. A complete classification of symplectic nilmanifolds up to dimension 6
is available in [17]. As we observed, nilmanifolds are never simply connected.
3.3. Formality of compact symplectic manifolds. As we already pointed out, formality
is a property of the rational homotopy type of a space, or manifold. Since every compact
Kähler manifold is formal according to Theorem 3.1 (see also [32]), it is reasonable to
investigate whether formality also holds for arbitrary symplectic manifolds. In the context
of nilmanifolds, a formal symplectic nilmanifold is diffeomorphic to a torus by Hasegawa’s
theorem 2.17. Hence, a symplectic non-toral nilmanifold violates condition piiiq in Theorem
3.1. Using nilmanifolds, we obtain many examples of non formal symplectic manifolds, albeit
non simply connected.
In fact, the construction of a simply connected symplectic non formal manifold is a much
harder problem. As very often happens in symplectic geometry, one of the main problems
is that there are relatively few techniques to construct symplectic manifolds. Due to this
lack of examples, Lupton and Oprea (see [70]) asked whether a simply connected compact
symplectic manifold is formal (this is what they called the formalising tendency of a sym-
plectic structure). Nowadays, however, we know many simply connected symplectic non
formal manifolds:
Theorem 3.8. For every n ě 4 there exists a compact, simply connected non formal sym-
plectic manifold of dimension 2n.
Theorem 3.8 was proven by Babenko and Taˇımanov (see [10, Main Theorem]) for n ě 5
and, later, by the second and third author for n “ 4 (see [44, Theorem 1.1]). The 8-manifold
constructed in [44] does not have the Lefschetz property.
Remark 3.9. We point out that, due to a result of Miller (see [42, 81]), a simply connected
manifold of dimension ď 6 is automatically formal. Hence Theorem 3.8 covers all possible
cases in which such a phenomenon can occur.
3.4. Examples: the non-simply connected case. Thanks to recent contributions of
many authors, we can fill up Table 1 of [58].
Let us describe the manifolds which appear in Table 1.
‚ T 2n is the 2n-dimensional torus, which carries a Kähler structure.
‚ M4 is a 4-dimensional compact symplectic completely solvable solvmanifold. Ac-
cording to [40] (see also [84, Theorem 3.2, page 87]) it does not admit a complex
structure, hence it is not Kähler. This shows that there exist symplectic non-Kähler
manifolds which can not be detected using Properties piq, piiq or piiiq from Theorem
3.1. In dimension ě 6, examples of compact symplectic manifolds which satisfy
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Table 1. Non simply connected symplectic manifolds
Formality Lefschetz Evenness of
property b2k´1
yes yes yes T 2n, M4
yes yes no impossible
yes no yes ΓzBG, ΛzG6.78 ˆ ΛzG6.78
yes no no ΛzG6.78
no yes yes Cp12q ˆ T 2
no yes no impossible
no no yes E4, KT ˆKT
no no no KT
Properties piq, piiq and piiiq of Theorem 3.1 but do not admit a Kähler metric due
to their fundamental groups are given in [45].
‚ ΓzBG is an 8-dimensional solvmanifold, the quotient of a simply connected com-
pletely solvable Lie group BG by a lattice Γ. Benson and Gordon constructed in
[15] a completely solvable non-exact symplectic 8-dimensional Lie algebra bg whose
Lie algebra cohomology H˚pbg;Rq does not satisfy the Lefschetz property. In [87,
Theorem 1], Sawai and Yamada showed that BG admits a lattice Γ. Since BG
is completely solvable, Hattori’s Theorem [56] applies and we have H˚pΓzBG;Rq –
H˚pbg;Rq. In [37, Proposition 3.2] the second author, de León and Saralegui showed
that the odd-degree Betti numbers of bg are even and that its minimal model is for-
mal.
‚ G6.78 is a simply connected completely solvable symplectic Lie group and Λ Ă G6.78
is a lattice; we refer to [23, Theorem 9.4] for a complete description of this example.
‚ E4 is the compact nilmanifold defined by the equations de1 “ de2 “ 0, de3 “
e1 ^ e2, de4 “ e1 ^ e3 considered in [38]. It was the first example of compact
symplectic manifold of dimension 4 which does not admit complex structures. In
fact, E4 is non-formal and does not satisfy the Lefschetz property, but its odd Betti
numbers are even. Thus, by the Enriques-Kodaira classification [62], E4 does not
have complex structures. Note that in dimension 6, Iwasawa manifold was the first
example of compact symplectic and complex manifold whose odd Betti numbers
are even, but not admitting Kähler metrics, as it is non-formal [39]. Non-Kähler
compact symplectic manifolds in higher dimension are given for example in [31].
‚ KT is the so-called Kodaira-Thurston manifold. As a symplectic manifold, it was
first described by Thurston in [90]; there, he showed that b1pKT q “ 3, hence KT
is not Kähler. KT also has the structure of a compact complex surface (a primary
Kodaira surface, see [11, Page 197]) and was known to Kodaira. Abbena described
KT as a nilmanifold in [1]. It is the product of the Heisenberg manifold (see Example
2.19) and a circle.
‚ Cp12q is a 12-dimensional simply connected symplectic manifold. We shall describe
it in Section 3.5.
Remark 3.10. In [58], the authors distinguish between the simply connected and the aspher-
ical case, rather than non simply connected. All the examples in Table 1 are aspherical,
except for Cp12qˆT 2. We should point out here that a symplectic manifold pM,ωq is called
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symplectically aspherical if ż
S2
f˚ω “ 0
for every map f : S2 Ñ M . An aspherical symplectic manifold is clearly symplectically as-
pherical. Symplectically aspherical manifolds play an important role in symplectic geometry,
see [61] for a survey on this topic.
Remark 3.11. In [60], Kasuya studied in detail the relationship between Lefschetz prop-
erty and formality in the case of aspherical manifolds. He constructed examples of formal
symplectic solvmanifolds which satisfy the Lefschetz property but carry no Kähler metric.
Kasuya’s examples are completely solvable solvmanifolds. For a study of the Lefschetz prop-
erty on 6-dimensional solvmanifolds, see also [72]. By a recent result of Hasegawa [55], a
compact solvmanifold admits a Kähler structure if and only if it is a finite quotient of a
complex torus which has the structure of a complex torus bundle over a complex torus. In
particular, a Kähler completely solvable solvmanifold is diffeomorphic to a torus.
3.5. Examples: the simply connected case. We collect and illustrate recent results
which allow us to fill all the lines in Table 2 of [58].
Table 2. Simply connected symplectic manifolds
Formality Lefschetz Evenness of
property b2k´1
yes yes yes CPn
yes yes no impossible
yes no yes Mp6, 0, 0q, N
yes no no ĄCP 7
no yes yes Cp12q
no yes no impossible
no no yes ĄCP 5 ˆĄCP 5
no no no ĄCP 5
Before describing the content of Table 2, we would like to recall a construction of McDuff
(see [77, 84]) which allows to obtain new symplectic manifolds: the symplectic blow-up.
Together with the fibre connected sum (see [46] and [78, Chapter 7]), symplectic fibrations
(see [78, Chapter 6] and the references therein), approximately holomorphic techniques of
Donaldson (see [9, 33, 82]) and symplectic resolutions (see [27, 44]), it is the most effective
technique when it comes to constructing new symplectic manifolds.
Let pM2n, ωq be a symplectic manifold. Without loss of generality, we can perturb ω
and assume that it defines an integral cohomology class. By a result of Tischler [91] (see
also [49]), there exists a symplectic embedding ı : pM2n, ωq ãÑ pCP 2n`1, ω0q, i.e. ı
˚ω0 “ ω,
where ω0 is the Fubini-Study Kähler structure of the complex projective space.
Using ideas of Gromov, and generalizing a known construction in algebraic geometry,
McDuff defined the notion of symplectic blow-up of a symplectic manifold pX,σq along a
symplectic submanifold pY, τq. Since Y Ă X is a symplectic submanifold, the normal bundle
NY of Y in X has the structure of a complex vector bundle. The blow-up of X along Y ,
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replaces a point y P Y with the projectivization of NyY . This produces a new manifold
X˜ “ BlYX and a map p : X˜ Ñ X, with the following properties:
‚ [77, Proposition 2.4] π1pXq “ π1pX˜q and H
˚pX˜ ;Rq fits into a short exact sequence
of R-modules
0Ñ H˚pX;Rq Ñ H˚pX˜ ;Rq Ñ A˚ Ñ 0, (5)
where A˚ is a free module over H˚pY ;Rq with one generator in each dimension 2i,
1 ď i ď k ´ 1, where 2k is the codimension of Y in X.
‚ [77, Proposition 3.7] If Y is compact, X˜ carries a symplectic form σ˜ which agrees
with p˚σ outside a neighborhood of p´1pY q.
We also recall the following result of Gompf, which allows to construct compact symplectic
manifolds which do not satisfy the Lefschetz property.
Theorem 3.12 ([46], Theorem 7.1). For any even dimension n ě 6, finitely presented
group G and integer b there exists a closed symplectic n-manifold M “ Mpn,G, bq with
π1pMq – G and bipMq ě b for 2 ď i ď n ´ 2, such that M does not satisfy the Lefschetz
property. Furthermore, if b1pGq is even, then all odd-degree Betti numbers of M are even.
We begin now the description of the manifolds in Table 2.
‚ CPn is the complex projective space, which is known to have a Kähler structure.
‚ Mp6, 0, 0q is the manifold constructed by taking n “ 6, G the trivial group and b “ 0
in Theorem 3.12. Since it is a simply connected 6-manifold, it is formal by the result
of Miller, see Remark 3.9.
‚ N is a 6-dimensional simply connected (hence formal) symplectic and complex man-
ifold which does not satisfy the Lefschetz property. Such a manifold was constructed
by the authors in [14].
‚ We shall construct ĄCP 7 in Proposition 3.13 below.
‚ Cp12q is a simply connected, symplectic 12-manifold which satisfies the Lefschetz
property but has a non-zero triple Massey product. Hence it is non-formal. Such
example was constructed by Cavalcanti in [26, Example 4.4] using Donaldson’s tech-
niques together with the symplectic blow-up.
‚ ĄCP 5 is the symplectic blow-up of CP 5 along a symplectic embedding of the Kodaira-
Thurston manifoldKT . Historically, this was the first example of a simply connected
symplectic manifold with no Kähler structures. It was constructed by McDuff in [77].
We come now to the description of ĄCP 7. Let us consider the symplectic 6-manifold
S “ ΛzG6.78 which appeared in Section 3.4. Recall that S is a formal symplectic manifold
which does not satisfy the Lefschetz property and has b1pSq “ 1. According to Tischler’s
result, we find a symplectic embedding of pS, ωq in pCP 7, ω0q. Now setĄCP 7 – BlSCP 7.
Proposition 3.13. ĄCP 7 is a simply connected, formal symplectic manifold which does not
satisfy the Lefschetz property and has b3pĄCP 7q “ 1.
Proof. That π1pĄCP 7q “ 0 follows immediately from McDuff result we discussed above.
b3pĄCP 7q “ 1 follows from (5) and the fact that b1pSq “ 1. This immediately implies thatĄCP 7 does not have the Lefschetz property.
By [41, Theorem 1.1], ĄCP 7 is formal. However, let us see this explicitly by computing
its minimal model. The 6-manifold S “ ΛzG6.78 is the quotient of the simply connected
completely solvable symplectic Lie group G6.78 of [23, Theorem 9.4] by a lattice Λ Ă G6.78.
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The cohomology of S is computed from the cdga p
Ź
pα1, α2, α3, α4, α5, α6q, dq, with all αi
of degree one, and
‚ dα1 “ α2 ^ α5 ´ α1 ^ α6;
‚ dα2 “ α4 ^ α5;
‚ dα3 “ α2 ^ α4 ` α3 ^ α6 ` α4 ^ α6;
‚ dα4 “ α4 ^ α6;
‚ dα5 “ ´α5 ^ α6;
‚ dα6 “ 0.
The manifold S has a symplectic structure, defined by ω “ α1 ^ α4 ` α2 ^ α6 ` α3 ^ α5.
The cohomology of S is given by
‚ H0pS;Rq “ x1y;
‚ H1pS;Rq “ xrηsy;
‚ H2pS;Rq “ xrωsy;
‚ H3pS;Rq “ xrω ^ ηs, rψsy;
‚ H4pS;Rq “ xrω2sy;
‚ H5pS;Rq “ xrω ^ ψsy;
‚ H6pS;Rq “ xrω3sy;
where η “ α6, ψ “ α1 ^ α2 ^ α4 ´ α1 ^ α4 ^ α6 ´ α2 ^ α3 ^ α5. Note that ω
2 ^ η “ dγ,
where γ “ 2α1 ^ α2 ^ α4 ^ α5.
Now consider pS, ωq Ă pCP 7, ω0q and the blow-up π : ĄCP 7 “ BlSCP 7 Ñ CP 7. Let ν
be a Thom form for the exceptional divisor E – π´1pSq. This is supported on a tubular
neighbourhood V of E. Consider the projections π1 : V Ñ E, π2 : πpV q Ñ S and the
composition ̟ “ π ˝ π1 “ π2 ˝π : V Ñ S. Finally, let ω10 be a 2-form on CP
7 cohomologous
to ω0 but coinciding with π
2˚ω on πpV q. By (5), we have the cohomology ofĄCP 7.
‚ H0pĄCP 7;Rq “ x1y;
‚ H1pĄCP 7;Rq “ 0;
‚ H2pĄCP 7;Rq “ xrπ˚ω10s, rνsy;
‚ H3pĄCP 7;Rq “ xr̟˚η ^ νsy;
‚ H4pĄCP 7;Rq “ xrπ˚ω120 s, rπ˚ω10 ^ νs, rν2sy;
‚ H5pĄCP 7;Rq “ xr̟˚pω ^ ηq ^ νs, r̟˚ψ ^ νs, r̟˚η ^ ν2sy;
‚ H6pĄCP 7;Rq “ xrπ˚ω130 s, rπ˚ω120 ^ νs, rπ˚ω10 ^ ν2s, rν3sy;
‚ H7pĄCP 7;Rq “ xr̟˚pω ^ ψq ^ νs, r̟˚pω ^ ηq ^ ν2s, r̟˚ψ ^ ν2s, r̟˚η ^ ν3sy.
As in [41], we compute the minimal model ϕ : p
Ź
V, dq Ñ pΩ˚pĄCP 7q, dq. Up to degree 6,
this is
‚ V 1 “ 0;
‚ V 2 “ C2 “ xx, yy, ϕpxq “ π˚ω10, ϕpyq “ ν;
‚ V 3 “ C3 “ xwy, ϕpwq “ ̟˚η ^ ν;
‚ V 4 “ 0;
‚ V 5 “ C5 “ xzy, ϕpzq “ ̟˚ψ ^ ν;
‚ V 6 “ N6 “ xuy, du “ x2w, ϕpuq “ ̟˚γ ^ ν.
We check that ĄCP 7 is 6-formal (see Definition 2.10). Take an element β P IpN6q which
is closed, and we have to check that rϕpβqs “ 0 in H˚pĄCP 7;Rq. As β can have degree at
most 14, it has to be β “ β1 ¨ w ¨ u, with β1 P
Ź
px, y, zq. But clearly rϕpw ¨ uqs “ 0 since
rη ^ γs “ 0 P H5pS;Rq. By Theorem 2.12,ĄCP 7 is formal. 
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Remark 3.14. It seems quite hard to find a compact simply connected symplectic manifold
which is formal and satisfies the Lefschetz property but is not Kähler.
Remark 3.15. The manifold N which appears in Table 2, line 3, carries a symplectic structure
and a complex structure but no Kähler metric. For a discussion on manifolds which are
simultaneously complex and symplectic but not Kähler, we refer to [14, Section 1].
4. Formality and the Lefschetz property in cosymplectic geometry
A compact cosymplectic manifold pM2n`1, η, ωq is never simply connected. Indeed, con-
sider the 1-form η; being closed, it defines a cohomology class rηs P H1pM ;Rq. If η “ df ,
with f P C8pMq, by compactness of M there exists p P M so that ηp “ 0. But this con-
tradicts the condition ηpξq ” 1. Alternatively, one can argue using the fact that η^ ωn is a
volume form, hence, if η were exact, the same would be true for the volume form, which is
absurd. In this way, one sees that b1pMq ě 1 on a cosymplectic manifold. This argument
allows actually to conclude that η ^ ωk is a closed, non exact form, for 0 ď k ď n. Hence,
bkpMq ě 1 for 0 ď k ď 2n ` 1 on a cosymplectic manifold.
CoKähler manifolds are the odd-dimensional counterpart of Kähler manifolds. It is not a
big surprise, therefore, that they satisfy as well strong topological conditions.
Theorem 4.1. Let pM2n`1, φ, η, ξ, gq be a compact coKähler manifold and let ω be the
Kähler form. Then
(i) b1pMq is odd;
(ii) the Lefschetz map Ln´k : HkpMq Ñ H2n`1´kpMq,
α ÞÑ ωn´k`1 ^ ıξα` ω
n´k ^ η ^ α (6)
is an isomorphism, 0 ď k ď n;
(iii) the rational homotopy type of M is formal.
A proof of this result can be found in [28]; see also [16] for a different perspective on
how such properties can be deduced from the corresponding properties of compact Kähler
manifolds. HereH˚pMq denotes harmonic forms on the Riemannian manifold pM,gq; clearly
H
˚pMq – H˚pM ;Rq. The map (6) really sends harmonic forms to harmonic forms, as it is
proved in [28]; recall that both η and ω are parallel on a coKähler manifold, hence harmonic.
Here as well, we want to answer questions such as
Is there a compact cosymplectic manifold M which satisfies piq and piiiq
above but not piiq?
Unfortunately, as we shall see in the next Section, the Lefschetz map can not be defined,
in general, on arbitrary cosymplectic manifolds. We will identify a certain property, morally
equivalent to the Lefschetz type condition of Definition 3.3, and address the Lefschetz ques-
tion in this setting.
4.1. The Lefschetz property in cosymplectic geometry. Let pM,ωq be a symplectic
manifold. As we remarked above, the Lefschetz map (2) sends closed forms to closed forms,
hence descends to cohomology, giving (3). In particular, the Lefschetz map can be defined
on any symplectic manifold. Of course, one needs then to use Kähler identities to prove
that (3) is an isomorphism in the Kähler case and we have seen that there are symplectic
manifolds for which (3) is not an isomorphism.
The cosymplectic case is much subtler. A first instance is that, differently from what
happens in the Kähler case, the Lefschetz map on coKähler manifolds is defined only on
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harmonic forms. On a cosymplectic manifold, however, there is no metric. Let pM,η, ωq be
a compact cosymplectic manifold; if one tries to define a map
Ln´k : ΩkpMq Ñ Ω2n`1´kpMq, α ÞÑ ωn´k`1 ^ ıξα` ω
n´k ^ η ^ α (7)
one sees that it does not send closed forms to closed forms! Indeed, for α a closed k-form,
dpωn´k`1 ^ ıξα` ω
n´k ^ η ^ αq “ ωn´k`1 ^ dpıξαq, (8)
which is not zero in general.
Example 4.2. Consider the 5-dimensional Lie algebra g with non-trivial brackets
re1, e2s “ ´e4, re1, e5s “ ´e3,
with respect to a basis te1, . . . , e5u. The associated Chevalley-Eilenberg complex is then
p
ľ
pe1, . . . , e5q, de3 “ e15, de4 “ e12q,
where eij is a short-hand for ei ^ ej . Set η “ e5 and ω “ e13 ´ e24. Then pg, η, ωq is
a cosymplectic Lie algebra; the Reeb field is ξ “ e5. Let G denote the simply connected
nilpotent Lie group with Lie algebra g. Since the Lie algebra g is defined over Q, G contains
a lattice Γ; hence N – ΓzG is a compact nilmanifold. The cosymplectic structure on g
gives a left-invariant cosymplectic structure on G, which descends to N . Hence pN, η, ωq
is a cosymplectic nilmanifold. By Nomizu’s theorem, p
Ź
g˚, dq ãÑ pΩ˚pNq, dq is a quasi
isomorphism. We study the Lefschetz map on p
Ź
g˚, dq, i.e.
L5´k :
ľk
g˚ ÝÑ
ľ5´k
g˚,
0 ď k ď 2. A computation shows that L4 sends closed forms to closed forms. However, the
closed 2-form α “ e35 is sent to β “ ´e234, which is not closed, since dβ “ e1245.
A way to bypass this difficulty would be to work with forms on M which are preserved by
the flow of the Reeb field ξ, that is, to consider the differential subalgebra Ω˚ξ pMq of Ω
˚pMq,
defined by
Ωkξ pMq “ tα P Ω
kpMq | Lξα “ 0u.
Lemma 4.3. The Lefschetz map (7) restricts to a map
Ln´k : Ωkξ pMq Ñ Ω
2n`1´k
ξ pMq (9)
which sends closed forms to closed forms.
Proof. Assume that α P Ωkξ pMq; hence Lξα “ 0 and dpıξαq “ ´ıξdα. We need to prove
that Ln´kpαq P Ω2n`1´kξ pMq. Recall that Lξω “ 0 “ Lξη on a cosymplectic manifold. We
compute
LξpL
n´kpαqq “ Lξpω
n´k`1 ^ ıξαq `Lξpω
n´k ^ η ^ αq “
“ ωn´k`1 ^ Lξpıξαq ` ω
n´k ^ η ^ Lξα “
“ ωn´k`1 ^ pdıξ ` ıξdqpıξαq “
“ ´ωn´k`1 ^ ıξıξdα “
“ 0.
Also, if α P Ωkξ pMq is closed, then (8) shows that dpL
n´kpαqq “ ωn´k`1 ^ dpıξαq. Since
Lξα “ 0, we can switch d and ıξ , obtaining dpL
n´kpαqq “ 0. 
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Everything works just fine, but there is of course a problem: the differential graded algebra
pΩ˚ξ pMq, dq Ă pΩ
˚pMq, dq does not compute, in general, the de Rham cohomology of M .
The question arises, whether there exists a class of almost coKähler structures for which
the inclusion pΩ˚ξ pMq, dq ãÑ pΩ
˚pMq, dq is a quasi isomorphism, i.e. for which H˚ξ pMq –
H˚pΩ˚ξ pMq, dq satisfies
H˚ξ pMq – H
˚pM ;Rq.
Recall that an almost coKähler structure pφ, η, ξ, gq is K-cosymplectic if the Reeb field
is Killing. K-cosymplectic structures have been extensively studied in [15]; the inspiration
there came from the contact (metric) case, where one defines a K-contact structure as a
contact metric structure whose Reeb field is Killing.
On a K-cosymplectic manifold M , the 1-dimensional distribution defined by ξ integrates
to a Riemannian foliation Fξ, whose leaf through x PM is the flowline of ξ.
Definition 4.4. The basic cohomology of Fξ is the cohomology of the differential subalgebra
Ω˚pM ;Fξq “ tα P Ω
˚pMq | ıξα “ 0 “ ıξdαu.
We denote by H˚pM ;Fξq the basic cohomology. One can think of it as the cohomology
of the space of leaves M{Fξ. We collect in the following Proposition the relevant features of
K-cosymplectic structures (compare [15, Theorem 4.3]):
Proposition 4.5. Let pφ, η, ξ, gq be a K-cosymplectic structure on a compact manifold
M2n`1. Then
(1) the inclusion pΩ˚ξ pMq, dq ãÑ pΩ
˚pMq, dq induces an isomorphism H˚ξ pMq – H
˚pMq;
in particular the cdga pΩ˚ξ pMq, dq computes the de Rham cohomology of M ;
(2) there is a splitting
Hkξ pMq “ H
kpM ;Fξq ‘ η ^H
k´1pM ;Fξq; (10)
(3) H2npM ;Fξq – R and H
2n`1pM ;Fξq “ 0.
Here we interpret η as a harmonic 1-form. As a consequence, the Lefschetz map (9) on a
K-cosymplectic manifold pM2n`1, φ, η, ξ, gq descends to a map
Ln´k : Hkξ pMq Ñ H
2n`1´k
ξ pMq, α ÞÑ ω
n´k`1 ^ ıξα` ω
n´k ^ η ^ α (11)
which can, or not, be an isomorphism.
From now on, we restrict to K-cosymplectic manifolds in order to study the Lefschetz
map.
Definition 4.6. Let M2n`1 be a compact manifold endowed with a K-cosymplectic struc-
ture pφ, η, ξ, gq. We say that M has the Lefschetz property if (11) is an isomorphism for
0 ď k ď n. We say that M is of Lefschetz type if (11) is an isomorphism for k “ 1.
Proposition 4.7. Let M2n`1 be a compact manifold endowed with a K-cosymplectic struc-
ture pφ, η, ξ, gq. Assume that M satisfies is of Lefschetz type. Then b1pMq is odd.
Proof. The splitting (10) tells us that H1ξ pMq “ H
1pM ;Fξq ‘ η and that H
2n
ξ pMq “
H2npM ;Fξq ‘ η ^ H
2n´1pM ;Fξq. By assumption, L
n´1 : H1ξ pMq Ñ H
2n
ξ pMq is an iso-
morphism. Its restriction to H1pM ;Fξq sends α to ω
n´1 ^ η ^ α P η ^H2n´1pM ;Fξq. In
particular, ωn´1 ^ α ‰ 0. Now consider the bilinear map
Ψ: H1pM ;Fξq bH
1pM ;Fξq Ñ H
2npM ;Fξq – R, pα, βq ÞÑ ω
n´1 ^ α^ β.
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Ψ is clearly skew-symmetric and non-degenerate. Hence dimH1pM ;Fξq is even. Since
b1pMq “ dimH
1pM ;Fξq ` 1, the thesis follows. 
We have some kind of converse to this result:
Proposition 4.8. Suppose M is a compact manifold endowed with a K-cosymplectic struc-
ture pφ, η, ξ, gq. If b1pMq “ 1, then M is of Lefschetz type.
Proof. Since M is compact and b1pMq “ 1, H
1
ξ pMq “ η. The Lefschetz map (11) sends η
to ωn P H2nξ pMq, which is non-zero. 
Remark 4.9. It is known that b1 is odd on a compact manifold endowed with a coKähler
structure; however, nothing can be said on the higher odd-degree Betti numbers, even up
to middle dimension. Consider, for instance, the manifold M ˆM ˆ S1, where M is the
K3 surface. This is clearly coKähler and has b3 “ 44. This is why, in Table 4 below, the
column about Betti numbers has been removed.
We show next that K-cosymplectic manifolds abund. Indeed, the following holds (see [15,
Proposition 2.12]):
Proposition 4.10. Let pK,h, ωq be a compact almost Kähler manifold and let ϕ : K Ñ K
be a diffeomorphism such that ϕ˚h “ h and ϕ˚ω “ ω. Then the mapping torus1 Kϕ has a
natural K-cosymplectic structure.
In particular, the product KˆS1 of an almost Kähler manifold pK,h, ωq and a circle has
a natural K-cosymplectic structure, with the product metric g “ h` dθ2. The cosymplectic
structure is given by taking ξ to be the vector tangent to S1 and η to be the dual 1-form.
For a product K-cosymplectic manifold, M “ KˆS1, the space of leaves of Fξ is simply K,
hence (10) becomes
Hkξ pMq “ H
kpK;Rq ‘ η ^Hk´1pK;Rq. (12)
Under this splitting, α P Hkξ pMq can be written as α0 ` η ^ α1 with α0 P H
kpK;Rq and
α1 P H
k´1pK;Rq. We have ıξαj “ 0, j “ 0, 1, and η ^ η ^ α1 “ 0. As a consequence,
the Lefschetz map (11) sends α0 P H
kpK;Rq Ă Hkξ pMq to ω
n´k ^ η ^ α0 and η ^ α1 to
ωn´k`1 ^ α1.
We easily obtain the following result:
Proposition 4.11. Let pK,h, ωq be a compact almost Kähler manifold. Then the compact
K-cosymplectic manifold K ˆ S1 satifies the Lefschetz property (6) if and only if pK,ωq
satifies the Lefschetz property (3).
We focus on a situation in which one could think of studying some analogue of the
Lefschetz property on arbitrary cosymplectic manifolds. We make the following definition:
Definition 4.12. Let M be a compact connected manifold. We say that the cohomology of
M can be computed from an algebraic model if there exist a commutative differential graded
algebra (cdga) p
Ź
VM , dq, defined over R, where the elements of VM have degree 1, and a
morphism of cdga’s ϕ : p
Ź
VM , dq Ñ pΩ
˚pMq, dq, inducing and isomorphism in cohomology,
i.e. H˚p
Ź
VM , dq – H
˚pM ;Rq.
1Given a topological space X and a homeomorphism ϕ : X Ñ X, the mapping torus Xϕ is the quotient
space Xˆr0,1spx,0q„pϕpxq,1q .
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The usual terminology for a morphism of cdga’s, inducing an isomorphism on cohomology,
is quasi-isomorphism. It follows from this definition that if M is an n-dimensional manifold,
then dimpVM q “ n, because a generator of the top power of VM must be sent to the volume
form on M . Suppose dimVM “ n; then
Źn VM is one-dimensional, hence a generator
vol P
Źn VM is sent to the volume form on M by ϕ. By compactness, and using the
fact that ϕ commutes with the differential, this implies that vol can not be exact and,
as a consequence, that every element w in
Źn´1 VM must be closed; otherwise one would
necessarily have dw “ cvol, with c P R˚, making vol exact.
Proposition 4.13. Let S “ ΓzG be a compact solvmanifold. Then the cohomology of M
can be computed from an algebraic model.
Proof. This follows from Nomizu Theorem [83] when S is a nilmanifold and from Hattori
Theorem [56] when S is a completely solvable solvmanifold. In both cases, the algebraic
model is the Chevalley-Eilenberg complex p
Ź
g˚, dq of the Lie algebra g of G. For the
non-completely solvable case, one uses a result of Guan ([50], see also [29]) to obtain a
modification of the Lie group G, G˜, such that S “ ΓzG˜ and the Lie algebra cohomology of
g˜ computes H˚pS;Rq. 
Let pM2n`1, η, ωq be a cosymplectic manifold satisfying the hypotheses of Definition 4.12.
Let p
Ź
VM , dq be the algebraic model and let ϕ : p
Ź
VM , dq Ñ pΩ
˚pMq, dq. Since ϕ induces
an isomorphism in cohomology, and both η and ω are closed non-exact forms, one can choose
cocycles v P VM and w P
Ź2 VM such that rϕpvqs “ rηs and rϕpwqs “ rωs. Notice that v^wn
is a generator of
Ź2n`1 VM . Since M is connected, v is uniquely determined. If w¯ PŹ2 VM
is such that rw¯s “ rws in H2p
Ź
VM q, then there exists u P VM such that w¯ “ w ` du.
Then v ^ w¯n “ v ^ wn, since they differ by an exact form and there are no exact forms inŹ2n`1 VM . The (algebraic) Reeb field θ P V ˚M is determined by the equation
ıθpv ^ w
nq “ wn.
Take a closed form γ P Ω1pMq. We find a cocycle z P VM such that rϕpzqs “ rγs. Define
an algebraic Lefschetz map VM Ñ
Ź2n VM by
z ÞÑ y – wn´1 ^ v ^ z ` wn ^ ıθz. (13)
By what we said so far, y is a closed element in
Ź2n VM . Hence the algebraic Lefschetz map
sends 1-cocycles to 2n-cocycles. Therefore, it descends to cohomology and it is reasonable
to ask whether it is an isomorphism there.
Definition 4.14. Let pM,η, ωq be a compact cosymplectic manifold and assume that the
cohomology of M can be computed from an algebraic model. We say that M is 1-Lefschetz
if (13) is an isomorphism.
In the case of nilmanifolds, we have the following result, which can be seen as the cosym-
plectic analogue of the Benson-Gordon Theorem 3.7.
Theorem 4.15. Let N “ ΓzG be a compact nilmanifold of dimension 2n` 1 endowed with
a cosymplectic structure pη, ωq. Assume that N is 1-Lefschetz. Then N is diffeomorphic to
a torus.
Proof. The Chevalley-Eilenberg complex p
Ź
g˚, dq of the Lie algebra g is an algebraic model
of the cohomology of N , as follows from Proposition 4.13; notice that dim g “ 2n ` 1. Let
ϕ : p
Ź
g˚, dq Ñ pΩ˚pNq, dq be the quasi-isomorphism. In particular, the cohomology of N
can be computed from this algebraic model. In order to prove that N is diffeomorphic to a
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torus, it is enough to prove that d ” 0 in p
Ź
g˚, dq (see the argument in [84, Theorem 2.2,
Chapter 2]). Arguing as above, we can assume that there are cocycles v P g˚ and w P
Ź2
g˚
mapping to η and ω respectively under ϕ. Assume that d is non-zero. Then we can choose
a Mal’cev basis of g˚,
g˚ “ xv, x1, . . . , xs, xs`1, . . . , x2ny,
with v “ x0, dxi “ 0, 0 ď i ď s, and dxj, s ` 1 ď j ď 2n, is a non-zero linear combination
of products xkℓ :“ xk ^ xℓ with k, ℓ ă j, for some s ă 2n` 1. Then w can be written as
w “
ÿ
0ďiăjď2n
aijxij ` z ¨ x2n, (14)
for some coefficients aij P R; we have collected all the summands that contain x2n into
z P g˚, where z does not contain x2n. Also, notice that z must be a cocycle. Indeed, when
one computes dw, which must be zero, the term dz ¨ x2n pops up. But since we have chosen
a Mal’cev basis for g˚, the generator x2n can not appear in the differential of any other xk,
and this forces z to be a cocycle. We define a derivation λ of degree ´1 on g˚ by the rule
λpxiq “ 0, 0 ď i ď 2n, λpx2nq “ 1,
and extend it to p
Ź
g˚, dq by forcing the Leibnitz rule. Assume that the algebraic Lefschetz
map (13) is an isomorphism; the cocycle z is sent to the cocycle wn´1 ^ v ^ z. For degree
reasons we have y ^ v ^ wn “ 0 for every 1-cocycle. Applying λ we get
0 “ λpy ^ v ^ wnq “ λpyq ^ η ^ wn ´ y ^ λpvq ^wn ` y ^ v ^ λpωnq “
“ n y ^ v ^ λpwq ^ wn´1 “ n y ^ v ^ z ^ wn´1 .
This must be true for every 1-cocycle y, and v^ z^wn´1 is non-zero by the Lefschetz-type
hypothesis. But this violates Poincaré duality. Thus we obtain a contradiction with the
existence of a non-closed generator of g˚, since λ was defined as 0 on such generators. Hence
d ” 0. 
Remark 4.16. Recall that a manifold M2n is cohomologically symplectic is there is a class
ω P H2pM ;Rq such that ωn ‰ 0. Every symplectic manifold is cohomologically symplectic,
but the converse is not true. Indeed, CP 2#CP 2 is cohomologically symplectic but admits
no almost complex structures, as shown by Audin [6]. Hence, it can not be symplectic. The
nice interplay between geometry and topology on cohomologically symplectic manifolds has
been unveiled by Lupton and Oprea (see [71]). It was proven recently by Kasuya (see [59])
that cohomologically symplectic solvmanifolds are genuinely symplectic. Following these
ideas, one can call a manifold M2n`1 cohomologically cosymplectic if there exist classes
η P H1pM ;Rq and ω P H2pM ;Rq such that η^ωn ‰ 0. By arguing as in [59], one can show
that a cohomologically cosymplectic solvmanifold is cosymplectic.
Example 4.2 above shows that, even in the case of cosymplectic manifolds whose coho-
mology can be computed from an algebraic model, the Lefschetz map does not necessarily
send cocycles of degree k ě 2 to cocycles.
4.2. Formality in cosymplectic geometry. As a consequence of formality of compact
Kähler manifolds, it was proved in [28] that a compact coKähler manifold is formal. In
[13], we constructed examples of non-formal cosymplectic manifolds with arbitrary Betti
numbers. More precisely, we proved the following result:
Theorem 4.17. For every pair pm “ 2n ` 1, bq with n, b ě 1 there exists a compact non-
formal manifold M , endowed with a cosymplectic structure, of dimension m and with first
Betti number equal to b, with the exception of the pair p3, 1q.
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It is known that an orientable compact manifold of dimension ď 4 with first Betti number
equal to 1 is formal, see [43]; in other words, the exception p3, 1q is not due to the fact that
we require the manifold to have a cosymplectic structure.
4.3. Examples. We let now Sections 4.1 and 4.2 come together, and fill up two tables
similar to those given in Section 3 in the symplectic case. We have already observed that
a compact manifold endowed with a cosymplectic structure always has b1 ě 1. Therefore,
one can never have simply connected compact cosymplectic manifolds. We will therefore
distinguish two cases:
‚ compact K-cosymplectic manifolds with arbitrary first Betti number;
‚ compact K-cosymplectic manifolds with first Betti number equal to 1.
Since the product of a compact symplectic manifold and a circle always admits a K-
cosymplectic structure, it is enough to take products of the manifolds which appear in
Tables 1 and 2 with a circle. The resulting manifolds are collected in Tables 3 and 4. For a
description of the examples, we refer to the discussion in Sections 3.4 and 3.5
Table 3. Product K-cosymplectic manifolds with arbitrary b1
Formality Lefschetz b1 odd
property
yes yes yes T 2n`1, M4 ˆ S1
yes yes no impossible
yes no yes ΓzBGˆ S1, ΛzG6.78 ˆ ΛzG6.78 ˆ S
1
yes no no ΛzG6.78 ˆ S
1
no yes yes Cp12q ˆ T 3
no yes no impossible
no no yes KT ˆKT ˆ S1, E4 ˆ S1
no no no KT ˆ S1
Table 4. Product K-cosymplectic manifolds with b1 “ 1
Formality Lefschetz property
yes yes CPn ˆ S1
yes no Mp6, 0, 0q ˆ S1, N ˆ S1
no yes Cp12q ˆ S1
no no ĄCP 5 ˆ S1
We end this section with two further examples: a compact cosymplectic non-formal 5-
manifold with b1 “ 1 which is not the product of a 4-manifold and a circle and a compact
K-cosymplectic 7-manifold which is not coKähler and is not the product of a 6-manifold and
a circle.
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Example 4.18. In [13], we constructed a cosymplectic, non-formal 5-dimensional solvman-
ifold S with b1pSq “ 1. S is the quotient of the completely solvable Lie group H, whose
elements are matrices
A “
¨
˚˚˚
˚˚˚
˝
e´x5 0 0 0 0 x1
0 ex5 0 0 0 x2
´x5e
´x5 0 e´x5 0 0 x3
0 ´x5e
x5 0 ex5 0 x4
0 0 0 0 1 x5
0 0 0 0 0 1
˛
‹‹‹‹‹‹‚
with px1, . . . , x5q P R
5, by a lattice Γ. A global system of coordinates on H is given by
tX1, . . . ,X5u with XipAq “ xi. A basis of left-invariant 1-forms on H (which we identify
with h˚) is given by
‚ α1 “ e
X5dX1;
‚ α2 “ e
´X5dX2;
‚ α3 “ X5e
X5dX1 ` e
X5dX3;
‚ α4 “ X5e
´X5dX2 ` e
´X5dX4;
‚ α5 “ dX5.
A straightforward computation shows that
‚ dα1 “ ´α1 ^ α5;
‚ dα2 “ α2 ^ α5;
‚ dα3 “ ´α1 ^ α5 ´ α3 ^ α5;
‚ dα4 “ ´α2 ^ α5 ` α4 ^ α5;
‚ dα5 “ 0.
The manifold S has a cosymplectic structure, defined by taking
η “ α5 and ω “ α1 ^ α4 ` α2 ^ α3.
Thus pS, η, ωq is a compact cosymplectic 5-dimensional non-formal solvmanifold. Since
H is completely solvable, we can apply Hattori’s theorem and conclude that H˚pS;Rq –
H˚ph;Rq. We compute
‚ H0pS;Rq “ x1y;
‚ H1pS;Rq “ xrηsy;
‚ H2pS;Rq “ xrα1 ^ α2s, rωsy;
‚ H3pS;Rq “ xrα3 ^ α4 ^ ηs, rω ^ ηsy;
‚ H4pS;Rq “ xrω2sy;
‚ H5pS;Rq “ xrη ^ ω2sy.
Notice that S is 1-Lefschetz, according to Definition 4.14. We prove that S is not the
product of a 4-manifold and a circle. Assume this is the case and write S “ P ˆS1. We use
the product structure of H˚pS;Rq – H˚pP ;RqbH˚pS1;Rq. The generator rηs of H1pS1;Rq
is a zero divisor, since rηs ^ rα1 ^ α2s “ 0 for rα1 ^ α2s P H
2pP ;Rq, and this is absurd.
Example 4.19. Finally, we give an example of a 7-dimensional K-cosymplectic solvmanifold
without coKähler structures, which is not a product of a 6-dimensional manifold and a circle.
This shows that, although we considered product K-cosymplectic manifolds, there are more.
This example is inspired by the discussion in [84, Chapter 3, Section 3]. We start with the
6-dimensional nilpotent Lie algebra h with basis te1, . . . , e6u and non-zero brackets
re1, e2s “ ´e4, re1, e3s “ ´e5 and re2, e3s “ ´e6.
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Notice that h is the Lie algebra h7 in the notation of [86] and the Lie algebra L6,4 in that of
[17]. The Chevalley-Eilenberg complex is p
Ź
h˚, dq with non-zero differential given, in terms
of the dual basis te1, . . . , e6u, by
de4 “ e12, de5 “ e13 and de6 “ e23.
We endow h with the following almost Kähler structure:
‚ the scalar product h which makes te1, . . . , e6u orthonormal;
‚ the symplectic form ω “ ´e16 ` e25 ` 2e34.
Consider the derivation D : hÑ h given, with respect to te1, . . . , e6u, by the matrix
D “
¨
˚˚˚
˚˚˚
˝
0 1 0 0 0 0
´1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 ´1 0
˛
‹‹‹‹‹‹‚
.
Since D is skew-symmetric, it is an infinitesimal isometry of ph, hq; furthermore, one can
check that D is an infinitesimal symplectic derivation of ph, ωq, i.e., Dtω ` ωD “ 0. We
denote by g the semi-direct product h ‘D R, which is a 7-dimensional solvable (but not
completely solvable) Lie algebra with brackets:
‚ rei, ejsg “ rei, ejsh, for 1 ď i ă j ď 6;
‚ re7, eisg “ Dpeiq for 1 ď i ď 6; here e7 generates the R-factor.
We see that g sits in a short exact sequence 0 Ñ h Ñ g Ñ R Ñ 0 of Lie algebras and that
h Ă g is an ideal. Define ϕt – expptDq P Autphq. Then ϕ
˚
t ω “ ω and ϕ
˚
t h “ h. Let H
be the unique simply connected nilpotent Lie group with Lie algebra h and consider the
following diagram:
H
Φt // H
h
exp
OO
ϕt
// h
exp
OO
where Φt – exp ˝ϕt˝exp
´1 is a well-defined Lie group automorphism; indeed, H is nilpotent,
hence exp is a global diffeomorphism. We consider h and ω as left-invariant objects on H.
Then Φt is, by construction, an isometry of pH,hq and a symplectomorphism of pH,ωq.
Let Λ be the lattice in h spanned over Z by the basis te1, . . . , e6u and set Λ – exppΛq.
Then Λ Ă H is a lattice and N – ΛzH is a compact nilmanifold. Notice that ϕpi
2
preserves
Λ, hence Φ “ Φpi
2
preserves Λ and descends to a diffeomorphism of N . Since h and ω are
left-invariant, they define a metric and a symplectic structure on N . Clearly, Φ is both
an isometry and a symplectomorphism of pN,h, ωq. Now consider the solvable Lie group
G “ H ¸Φ R and the lattice Γ “ Λ¸Φ Z. Notice that Γ is a solvable group. We have two
short exact sequnces of groups, namely
0Ñ ΛÑ ΓÑ ZÑ 0
and
0Ñ H Ñ GÑ RÑ 0.
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Then S – ΓzG is a solvmanifold which can be identified with the mapping torus of the
diffeomorphism Φ: N Ñ N . Indeed, the mapping torus bundle coincides with the Mostow
bundle of S, which is N Ñ S Ñ S1.
By Proposition 4.10, S has a natural K-cosymplectic structure. We can describe as a left-
invariant K-cosymplectic structure on G, i.e., a K-cosymplectic structure on g. Set η “ e7,
ξ “ e7, ω “ ´e
16 ` e25 ` 2e34 and let g be the scalar product which makes te1, . . . , e7u
orthonormal. From this we recover φ. Hence pφ, η, ξ, gq is a K-cosymplectic structure on S.
We proceed to show
(1) b1pSq “ 2, hence S is not coKähler;
(2) S is not the product of a 6-dimensional manifold and a circle.
Notice that since G is not completely solvable, we can not use Hattori’s theorem to compute
the cohomology of S. We will instead regard S as the mapping torus NΦ and use the
following result (see [13, Lemma 12] for a proof):
Lemma 4.20. Let M be a smooth, n-dimensional manifold, let ϕ : M Ñ M be a diffeo-
morphism and let Mϕ be the corresponding mapping torus. For every 0 ď k ď n, set V
k “
kerpϕ˚ ´ Id: HkpM ;Rq Ñ HkpM ;Rqq and Ck “ cokerpϕ˚ ´ Id : HkpM ;Rq Ñ HkpM ;Rqq,
where ϕ˚ is the map induced by ϕ on HkpM ;Rq. Then
HkpMϕ;Rq – V
k ‘ rηs ^ Ck´1, (15)
where η is the pullback of the generator of H1pS1;Rq under the mapping torus projection
Mϕ Ñ S
1.
According to [84, Chapter 3, Theorem 3.8], the action of Φ “ Φpi
2
on HkpN ;Rq is obtained
by taking the action of ϕpi
2
on
Źk
h˚ and considering the action induced on the cohomology
Hkph;Rq. We are implicitly identifying the cohomology of N with the cohomology of h. We
can do this thanks to Nomizu’s theorem. Applying (15) with k “ 1, one computes that
H1pS;Rq “ xre3s, re7sy.
Hence b1pSq “ 2; this proves p1q above. Using again (15), one computes the remaining Betti
numbers of S to be b2pSq “ 3 and b3pSq “ 7. Assume now that S is a product, S “ P ˆS
1.
Notice that P is an aspherical manifold and that π1pP q is solvable, being a subgroup of
Γ “ π1pSq. Also, by applying the Künneth formula, we obtain that χpP q “ ´1. But this
contradicts Proposition 4.21 below. This proves p2q.
Proposition 4.21. Let M be a compact aspherical manifold whose fundamental group is
solvable. Then χpMq “ 0.
Proof. Set Γ “ π1pMq. We notice that M is an Eilenberg-MacLane space KpΓ, 1q. By a
result of Bieri (see [20, Theorem 9.23]), Γ is torsion-free and polycyclic. In [12, Theorem
1.2], Baues has constructed an infra-solvmanifold MΓ with π1pMΓq – Γ. In particular, it
follows that MΓ is an Eilenberg-MacLane space KpΓ, 1q and that χpMΓq “ 0. Since M is
also a KpΓ, 1q, one deduces that χpMq “ 0. 
Acknowledgments. The authors would like to thank J. Oprea and S. Rollenske for useful
conversations. G. Bazzoni is partially supported by SFB 701 - Spectral Structures and
Topological Methods in Mathematics. M. Fernández is partially supported by (Spanish)
MINECO grant MTM2011-28326-C02-02 and Project UPV/EHU ref. UFI11/52. V. Muñoz
is partially supported by MINECO grant MTM2012-30719.
24 G. BAZZONI, M. FERNÁNDEZ, AND V. MUÑOZ
References
[1] E. Abbena, An example of an almost Kähler manifold which is not Kählerian, Boll. Un. Mat. Ital. A
(6) 3 (1984), no. 3, 383–392. (cited on p. 10)
[2] J. Amorós, M. Burger, K. Corlette, D. Kotschick and D. Toledo, Fundamental groups of
compact Kähler manifolds, Math. Surveys and Monographs 44, Amer. Math. Soc., 1996. (cited on p. 7)
[3] D. Angella, Cohomological Aspects in Complex Non-Kähler Geometry, Lecture Notes in Mathematics,
2095, Springer-Verlag, Berlin, 2014. (cited on p. 8)
[4] D. Angella, A. Tomassini and W. Zhang, On cohomological decomposability of almost-Kähler
structures, Proc. Amer. Math. Soc. 142 (2014), no. 10, 3615–3630. (cited on p. 8)
[5] V. I. Arnold, Mathematical Methods of Classical Mechanics, Second Edition, Graduate Texts in
Mathematics 60, Springer, 1997. (cited on p. 1)
[6] M. Audin, Exemples de variétés presque complexes, Einseign. Math. (2) 37 (1991), no. 1–2, 175–190.
(cited on p. 19)
[7] M. Audin, Torus Actions on Symplectic Manifolds (Second revised edition) Progress in Mathematics
93, Birkhäuser, 2004. (cited on p. 1)
[8] L. Auslander, An exposition of the structure of solvmanifolds. I. Algebraic theory, Bull. Amer. Math.
Soc. 79 (1973), no. 2, 227–261. (cited on p. 6)
[9] D. Auroux, Asymptotically holomorphic families of symplectic submanifolds, Geom. Funct. Anal. 7
(1997), no. 6, 971–995. (cited on p. 1, 11)
[10] I. K. Babenko and I. A. Taiˇmanov, On nonformal simply-connected symplectic manifolds, Siberian
Math. Journal 41 (2) (2000), 204–217. (cited on p. 9)
[11] W. P. Barth, K. Hulek, C. A. M. Peters and A. Van de Ven, Compact complex surfaces,
Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 4. Springer-Verlag, Berlin, 2004. (cited on
p. 10)
[12] O. Baues, Infra-solvmanifolds and rigidity of subgroups in solvable linear algebraic groups, Topology
43 (2004), 903–924. (cited on p. 23)
[13] G. Bazzoni, M. Fernández and V. Muñoz, Non-formal co-symplectic manifolds, Trans. Amer.
Math. Soc. 367 (2015), no. 6, 4459–4481. (cited on p. 19, 21, 23)
[14] G. Bazzoni, M. Fernández and V. Muñoz, A 6-dimensional simply connected complex and sym-
plectic manifold with no Kähler metric, preprint http://arxiv.org/abs/1410.6045. (cited on p. 7, 12,
14)
[15] G. Bazzoni and O. Goertsches, K-cosymplectic manifolds, Ann. Global Anal. Geom. 47 (2015), no.
3, 239–270. (cited on p. 3, 10, 16, 17)
[16] G. Bazzoni, G. Lupton and J. Oprea, Hereditary properties of co-Kähler manifolds, preprint
http://arxiv.org/abs/1311.5675. (cited on p. 14)
[17] G. Bazzoni and V. Muñoz, Classification of minimal algebras over any field up to dimension 6,
Trans. Amer. Math. Soc. 364 (2012), no. 2, 1007–1028. (cited on p. 9, 22)
[18] G. Bazzoni and J. Oprea, On the structure of co-Kähler manifolds, Geom. Dedicata 170 (1) (2014),
71–85. (cited on p. 2)
[19] C. Benson and C. S. Gordon, Kähler and symplectic structures on nilmanifolds, Topology 27 (1988),
no. 4, 513–518. (cited on p. 9)
[20] R. Bieri, Homological Dimension of Discrete Groups, Queen Mary College Mathematical Notes (2nd
edition), London, 1981. (cited on p. 23)
[21] D. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in Math. 203,
Birkhäuser, 2002. (cited on p. 1, 3)
[22] J.-L. Brylinski, A differential complex for Poisson manifolds, J. Differential Geom. 28 (1988), no. 1,
93–114. (cited on p. 8)
[23] C. Bock, On low-dimensional solvmanifolds, preprint, http://arxiv.org/abs/0903.2926. (cited on p. 2,
6, 10, 12)
[24] A. Cannas da Silva, Lectures on symplectic geometry, Lecture Notes in Mathematics, 1764, Springer-
Verlag, Berlin, 2008. (cited on p. 1)
[25] B. Cappelletti-Montano, A. de Nicola and I. Yudin, A survey on cosymplectic geometry, Rev.
Math. Phys. 25 (10), 1343002 (2013). (cited on p. 2)
[26] G. R. Cavalcanti, The Lefschetz property, formality and blowing up in symplectic geometry, Trans.
Amer. Math. Soc. 359 (2007), no. 1, 333–348. (cited on p. 2, 7, 12)
[27] G. R. Cavalcanti, M. Fernández and V. Muñoz, Symplectic resolutions, Lefschetz property and
formality, Adv. Math. 218 (2008), no. 2, 576–599. (cited on p. 11)
FORMALITY AND LEFSCHETZ PROPERTY 25
[28] D. Chinea, M. de León and J. C. Marrero, Topology of cosymplectic manifolds, J. Math. Pures
Appl. 72 (1993), no. 6, 567–591. (cited on p. 3, 14, 19)
[29] S. Console and A. Fino, On the de Rham cohomology of solvmanifolds, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 10 (2011), no. 4, 801–818. (cited on p. 18)
[30] S. Console and M. Macrì, Lattices, cohomology and models of six-dimensional almost abelian solv-
manifolds, preprint, http://arxiv.org/abs/1206.5977. (cited on p. 6)
[31] L. A. Cordero, M. Fernández and A. Gray, Symplectic manifolds with no Kähler structure,
Topology 25 (1986), no. 3, 375–380. (cited on p. 1, 10)
[32] P. Deligne, P. Griffiths, J. Morgan and D. Sullivan, Real Homotopy Theory of Kähler Mani-
folds, Invent. Math. 29 (1975), no. 3, 245–274. (cited on p. 5, 9)
[33] S. K. Donaldson, Symplectic submanifolds and almost-complex geometry, J. Diff. Geom. 44 (1996),
no. 4, 666–705. (cited on p. 1, 11)
[34] S. K. Donaldson, Two-forms on four-manifolds and elliptic equations, Inspired by S. S. Chern, 153–
172, Nankai Tracts. Math. 11, World Sci. Publ. Hackensack, NJ, 2006. (cited on p. 8)
[35] Y. Félix, S. Halperin and J.C. Thomas, Rational Homotopy Theory, Graduate Texts in Mathe-
matics 205, Springer, 2001. (cited on p. 3)
[36] Y. Félix, J. Oprea and D. Tanré, Algebraic Models in Geometry, Oxford Graduate Texts in Math-
ematics, 17. Oxford University Press, 2008. (cited on p. 3)
[37] M. Fernández, M. de León and M. Saralegui, A six-dimensional compact symplectic solvmanifold
without Kähler structures, Osaka J. Math. 33 (1996), no. 1, 19–35. (cited on p. 10)
[38] M. Fernández, M. Gotay and A. Gray, Four-dimensional parallelizable symplectic and complex
manifolds, Proc. Amer. Math. Soc. 103 (1988), no. 4, 1209–1212. (cited on p. 10)
[39] M. Fernández and A. Gray, The Iwasawa manifold, Differential geometry, Peñíscola 1985, 157–159,
Lecture Notes in Math., 1209, Springer, Berlin, 1986. (cited on p. 10)
[40] M. Fernández and A. Gray, Compact symplectic four dimensional solvmanifolds not admitting
complex structures, Geom. Dedicata 34 (1990), no. 4, 295–299. (cited on p. 9)
[41] M. Fernández and V. Muñoz, Homotopy properties of symplectic blow-ups, Proceedings of the XII
Fall Workshop on Geometry and Physics, 95–109, Publ. R. Soc. Mat. Esp., 7, 2004. (cited on p. 12, 13)
[42] M. Fernández and V. Muñoz, Formality of Donaldson submanifolds, Math. Zeit. 250 (2005), no. 1,
149–175. (cited on p. 5, 6, 9)
[43] M. Fernández and V. Muñoz, Non-formal compact manifolds with small Betti numbers, Proceedings
of the Conference “Contemporary Geometry and Related Topics”. N. Bokan, M. Djoric, A. T. Fomenko,
Z. Rakic, B. Wegner and J. Wess (editors), 231–246, 2006. (cited on p. 20)
[44] M. Fernández and V. Muñoz, An 8-dimensional non-formal simply connected symplectic manifold,
Ann. of Math. (2) 167 (2008), no. 3, 1045–1054. (cited on p. 1, 7, 9, 11)
[45] M. Fernández, V. Muñoz and J. Santisteban, Cohomologically Kähler manifolds with no Kähler
metrics, IJMMS. 52 (2003), 3315–3325. (cited on p. 10)
[46] R. E. Gompf, A new construction fo symplectic manifolds, Ann. of Math. (2) 142 (1995), no. 3,
527–595. (cited on p. 1, 7, 11, 12)
[47] P. Griffiths and J. Morgan, Rational Homotopy Theory and Differential Forms (Second edition)
Progress in Mathematics 16, Birkhäuser, 2013. (cited on p. 3)
[48] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), no. 2,
307–347. (cited on p. 1)
[49] M. Gromov, Partial differential relations, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 9.
Springer-Verlag, Berlin, 1986. (cited on p. 1, 11)
[50] Z.-D. Guan, Modification and the cohomology groups of compact solvmanifolds, Electron. Res. An-
nounc. Amer. Math. Soc. 13 (2007), 74–81. (cited on p. 18)
[51] Z.-D. Guan, Toward a Classification of Compact Nilmanifolds with Symplectic Structures, Int. Math.
Res. Not. IMRN (2010), no. 22, 4377–4384. (cited on p. 9)
[52] V. Guillemin, E. Miranda and A. R. Pires, Codimension one symplectic foliations and regular
Poisson structures, Bull. Braz. Math. Soc. (N. S.) 42 (2011), no. 4, 607–623. (cited on p. 2)
[53] V. Guillemin, E. Miranda and A. R. Pires, Symplectic and Poisson geometry of b-manifolds, Adv.
Math. 264 (2014), 864–896. (cited on p. 2)
[54] K. Hasegawa, Minimal Models of Nilmanifolds, Proc. Amer. Math. Soc. 106 (1989), no. 1, 65–71.
(cited on p. 6)
[55] K. Hasegawa, A note on compact solvmanifolds with Kähler structures, Osaka J. Math. 43 (2006), no.
1, 131–135. (cited on p. 11)
[56] A. Hattori, Spectral sequences in the de Rham cohomology of fibre bundles, J. Fac. Sci. Univ. Tokyo
Sect. I 8 (1960), 289–331. (cited on p. 6, 10, 18)
26 G. BAZZONI, M. FERNÁNDEZ, AND V. MUÑOZ
[57] D. Huybrechts, Complex geometry. An introduction, Universitext. Springer-Verlag, Berlin, 2005.
(cited on p. 7)
[58] R. Ibáñez, Y. Rudyak, A. Tralle and L. Ugarte, On certain geometric and homotopy properties
of closed symplectic manifolds, Top. and its Appl. 127 (2003), no. 1-2, 33–45. (cited on p. 2, 7, 9, 10,
11)
[59] H. Kasuya, Cohomologically symplectic solvmanifolds are symplectic, J. Symplectic Geom. 9 (2011),
no. 4, 429–434. (cited on p. 19)
[60] H. Kasuya, Formality and hard Lefschetz property of aspherical manifolds, Osaka J. Math. 50 (2013),
no. 2, 439–455. (cited on p. 11)
[61] J. Kędra, Y. Rudyak and A. Tralle, Symplectically aspherical manifolds, J. Fixed Point Theory
Appl. 3 (2008), no. 1, 1–21. (cited on p. 11)
[62] K. Kodaira, On the structure of compact complex analytic surfaces. I, Amer. J. Math. 86 (1964),
751–798. (cited on p. 10)
[63] J.-L. Koszul, Crochet de Schouten-Nijenhuis et cohomologie, in “Élie Cartan et les Math.
d’Aujourd’Hui”, Astérisque hors-série, 1985, 251–271. (cited on p. 8)
[64] D. Kotschick, On products of harmonic forms, Duke Math. J. 107 (2001), no. 3, 521–531. (cited on
p. 5)
[65] D. Kotschick and S. Terzić, On formality of generalized symmetric spaces, Math. Proc. Cambridge
Philos. Soc. 134 (2003), no. 3, 491–505. (cited on p. 5)
[66] H. Li, Topology of co-symplectic/co-Kähler manifolds, Asian J. Math., 12 (2008), no. 4, 527–543. (cited
on p. 3)
[67] T.-J. Li and W. Zhang, Comparing tamed and compatible symplectic cones and cohomological prop-
erties of almost complex manifolds, Commun. Anal. Geom. 17 (2009), no. 4, 651–683. (cited on p. 8)
[68] P. Libermann, Sur les automorphismes infinitésimaux des structures symplectiques et des structures
de contact, Colloque Géom. Diff. Globale (Bruxelles 1958), 37–59, 1959. (cited on p. 1, 3)
[69] P. Libermann and C. Marle, Symplectic Geometry and Analytical Mechanics, Kluwer, Dordrecht,
1987. (cited on p. 8)
[70] G. Lupton and J. Oprea, Symplectic manifolds and formality, J. Pure Appl. Algebra 91 (1994), no.
1-3, 193–207. (cited on p. 9)
[71] G. Lupton and J. Oprea, Cohomologically symplectic spaces: toral actions and the Gottlieb group,
Trans. Amer. Math. Soc. 347 (1995), no. 1, 261–288. (cited on p. 19)
[72] M. Macrì, Cohomological properties of unimodular six dimensional solvable Lie algebras, Differential
Geom. Appl. 31 (2013), no. 1, 112–129. (cited on p. 11)
[73] A. Mal’čev, On a class of homogeneous spaces, Izv. Akad. Nauk. Armyan. SSSR Ser. Mat. 13 (1949),
201–212. (cited on p. 6)
[74] J. E. Marsden and A. Weinstein, Reduction of symplectic manifolds with symmetry, Rep. Mathe-
matical Phys. 5 (1974), no. 1, 121–130. (cited on p. 1)
[75] D. Martínez Torres, Codimension-one foliations calibrated by nondegenerate closed 2-forms, Pacific
J. Math. 261 (2013), no. 1, 165–217. (cited on p. 2)
[76] O. Mathieu, Harmonic cohomology classes of symplectic manifolds, Comment. Math. Hel. 70 (1995),
no. 1, 1–9. (cited on p. 8)
[77] D. McDuff, Examples of symplectic simply connected manifolds with no Kähler structure, J. Diff.
Geom. 20 (1984), no. 1, 267–277. (cited on p. 1, 7, 11, 12)
[78] D. McDuff and D. Salamon, Introduction to Symplectic Topology, Second edition. Oxford Mathe-
matical Monographs, 1998. (cited on p. 1, 11)
[79] D. McDuff and D. Salamon, J-holomophic curves and symplectic topology, Colloquium Publications
Volume 52, American Mathematical Society, 2004. (cited on p. 1)
[80] S. A. Merkulov, Formality of canonical symplectic complexes and Frobenius manifolds, Internat.
Math. Res. Notices (1998), no. 14, 727–733. (cited on p. 8)
[81] J. T. Miller, On the formality of pk´1q-connected compact manifolds of dimension less than or equal
to p4k ´ 2q, Illinois J. Math. 23 (1979), 253–258. (cited on p. 9)
[82] V. Muñoz, F. Presas and I. Sols, Almost holomorphic embeddings in Grassmannians with appli-
cations to singular symplectic submanifolds, J. Reine Angew. Math. 547 (2002), 149–189. (cited on
p. 11)
[83] K. Nomizu, On the cohomology of compact homogeneous spaces of nilpotent Lie groups, Ann. of Math.
59 (1954), no. 2, 531–538. (cited on p. 6, 18)
[84] J. Oprea and A. Tralle, Symplectic manifolds with no Kähler structure, Lecture Notes in Mathe-
matics, 1661, Springer-Verlag, Berlin, 1997. (cited on p. 5, 6, 9, 11, 19, 21, 23)
FORMALITY AND LEFSCHETZ PROPERTY 27
[85] L. Ornea and M. Pilca, Remarks on the product of harmonic forms, Pacific J. Math. 250 (2011),
no. 2, 353–363. (cited on p. 5)
[86] S. Salamon, Complex structures on nilpotent Lie algebras, J. Pure Appl. Algebra 157 (2001), no. 2–3,
311–333. (cited on p. 22)
[87] H. Sawai and T. Yamada, Lattices on Benson-Gordon type solvable Lie groups, Topology Appl. 149
(2005), no. 1–3, 85–95. (cited on p. 10)
[88] P. Seidel, Fukaya categories and Picard-Lefschetz theory, European Mathematical Society, Zürich,
2008. (cited on p. 1)
[89] D. Sullivan, Infinitesimal Computations in Topology, Publications Mathématiques de l’I. H. É. S. 47
(1977), 269–331. (cited on p. 3)
[90] W. Thurston, Some simple examples of symplectic manifolds, Proc. Amer. Math. Soc. 55 (1976), no.
2, 467–468. (cited on p. 1, 10)
[91] D. Tischler, Closed 2-forms and an embedding theorem for symplectic manifolds, J. Diff. Geom. 12
(1977), 229–235. (cited on p. 11)
[92] D. Yan, Hodge Structure on Symplectic Manifolds, Adv. Math. 120 (1996), no. 1, 143–154. (cited on
p. 8)
Fakultät für Mathematik, Universität Bielefeld, Postfach 100301, D-33501 Bielefeld
E-mail address: gbazzoni@math.uni-bielefeld.de
Universidad del País Vasco, Facultad de Ciencia y Tecnología, Departamento de Matemáti-
cas, Apartado 644, 48080 Bilbao, Spain
E-mail address: marisa.fernandez@ehu.es
Facultad de Matemáticas, Universidad Complutense de Madrid, Plaza de Ciencias 3, 28040
Madrid, Spain
Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM), C/ Nicolás Cabrera 15, 28049
Madrid, Spain
E-mail address: vicente.munoz@mat.ucm.es
